COURSE CODE: MTH 209

COURSE TITLE: Introduction to Numerical Analysis
COURSE UNITS: 2 Units

MODULE 1

Lesson 1: Overview of Numerical Analysis
Introduction

Welcome to the first lesson of our module on Numerical Analysis. In this module, we will
explore the fascinating field that bridges the gap between theoretical mathematics and practical
problem-solving, especially in areas where exact analytical solutions are difficult or impossible
to obtain. Numerical analysis provides us with a powerful toolkit of techniques to find
approximate but accurate solutions to a wide range of mathematical problems using
computational methods. This initial lesson will lay the groundwork by providing an overview
of what numerical analysis is, why it is so important and widely applied, and by introducing
the fundamental concept of error analysis, which is crucial when dealing with approximate

solutions.
Lesson Outcomes
Upon completion of this lesson, you will be able to:

o Define numerical analysis and explain its purpose.

« ldentify the key areas where numerical methods are employed.

o Discuss the importance of numerical analysis in various scientific and engineering
disciplines.

o Distinguish between analytical and numerical solutions.

o Explain that numerical methods typically yield approximate solutions.

« Define and differentiate between round-off errors and truncation errors.

e Recognize the sources of these errors in numerical computations.

1. Overview of Numerical Methods
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What is Numerical Analysis?

Numerical analysis is a branch of mathematics that deals with developing, analyzing, and
implementing algorithmic techniques to obtain approximate numerical solutions to
mathematical problems. These problems can arise from various fields, including calculus,

linear algebra, differential equations, optimization, and more.
Key Characteristics of Numerical Methods:

e Approximation: Numerical methods generally provide approximate solutions rather
than exact analytical solutions. The goal is to find solutions that are "close enough™ to
the true answer for practical purposes.

o Algorithms: These methods are based on well-defined sequences of steps (algorithms)
that can be implemented on a computer.

o Computation: Numerical analysis heavily relies on computational power to perform

the often iterative and repetitive calculations required by the algorithms.
Distinction from Analytical Solutions:

« Analytical solutions involve finding an exact mathematical formula or expression that
represents the solution to a problem. These solutions are often derived using symbolic
manipulation and theoretical principles.

o Example: The analytical solution to the equation x? — 4 = 0 is:
x=2and x = —2.

o Example: The analytical solution to the integral [ x2dx is:

X3

—+C.
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e Numerical solutions, on the other hand, involve obtaining numerical values that
approximate the true solution.
o Example: Finding the roots of x> + 2x — 1 = 0 numerically, as there is no
simple analytical formula for the roots of a general quintic polynomial.
o Example: Approximating the value of a definite integral using methods like the

trapezoidal rule or Simpson's rule.
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2. Importance and Applications

Numerical analysis has become an indispensable tool in a vast array of scientific, engineering,
and technological disciplines. Its importance stems from the fact that many real-world

problems:

o Lack Analytical Solutions: Many equations, integrals, and systems of equations do
not have closed-form analytical solutions that can be expressed in terms of elementary
functions.

e Are Too Complex for Analytical Methods: Even if an analytical solution exists in
theory, deriving it might be extremely cumbersome or computationally infeasible.

e Involve Discrete Data: Numerical methods are well-suited for dealing with data
obtained from experiments or simulations, which is inherently discrete.

« Require Computational Implementation: For practical applications, solutions often
need to be implemented in computer programs. Numerical methods provide the

algorithmic framework for this.
Applications of Numerical Analysis:

e Engineering:
o Structural Analysis: Simulating the stress and strain in bridges, buildings, and
aircraft.
o Fluid Dynamics: Modeling the flow of air and water around objects (e.g.,
airplane wings, pipelines).
o Heat Transfer: Analyzing the distribution of temperature in systems.
o Circuit Simulation: Designing and testing electronic circuits.
e Science:
o Physics: Solving equations of motion, modeling quantum mechanical systems.
o Chemistry: Simulating chemical reactions, molecular dynamics.
o Biology: Modeling population dynamics, disease spread.
o Earth Sciences: Weather forecasting, climate modeling, seismic analysis.
e Finance:
o Financial Modeling: Pricing derivatives, risk management.
o Algorithmic Trading: Developing and implementing automated trading

strategies.
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o Computer Science:
o Computer Graphics: Rendering realistic images and animations.
o Machine Learning: Developing algorithms for data analysis and prediction.
o Optimization: Finding the best solutions to problems with constraints.
« Medicine:
o Medical Imaging: Processing and interpreting CT scans, MRIs.

o Drug Discovery: Simulating the interaction of drugs with biological molecules.
3. Error Analysis: Types of Errors

Since numerical methods typically yield approximate solutions, understanding and controlling
the errors involved is crucial. Error analysis is the study of the magnitude and behavior of
these errors. There are two main types of errors that we will focus on in this lesson: round-off

errors and truncation errors.
a) Round-off Errors:

e Source: Round-off errors arise from the fact that computers represent real numbers
using a finite number of digits (e.g., in floating-point representation). This means that
many real numbers cannot be represented exactly and must be approximated or

rounded.
o Example: The fraction § has an infinite decimal representation 0.333.... A computer

might store it as 0.3333333, introducing a round-off error.

e Occurrence: Round-off errors occur during the input of data, during arithmetic
operations (especially division and multiplication), and when storing intermediate or
final results.

e Impact: The accumulation of small round-off errors over many computational steps

can sometimes lead to significant inaccuracies in the final result.
b) Truncation Errors:

e Source: Truncation errors occur when an infinite process or a mathematical formula is
approximated by a finite one. Many numerical methods involve replacing an infinite
series, an integral, or a derivative with a finite approximation.

o Example: The Taylor series for the sine function is an infinite series:
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If we approximate sin(x) by taking only the first few terms, say in(x) = x — % we

introduce a truncation error because we have "truncated" the infinite series.

e Occurrence: Truncation errors are inherent in the numerical method itself, arising from
the approximation used.

e Control: Truncation errors can often be reduced by using a more accurate
approximation (e.g., taking more terms in a series, using a higher-order numerical
method).

Distinguishing Round-off and Truncation Errors:

o Round-off error is due to the limitations of computer arithmetic in representing real
numbers exactly. It depends on the precision of the computer's floating-point system.
« Truncation error is due to the approximation of a continuous or infinite mathematical

process by a discrete or finite one. It depends on the numerical method chosen.

In practice, the total error in a numerical solution is often a combination of both round-off and
truncation errors. A good numerical method aims to minimize both types of errors to achieve

a sufficiently accurate result.
Summary

In this first lesson, we have gained an overview of numerical analysis as a field dedicated to
finding approximate numerical solutions to mathematical problems using algorithms. We
discussed the importance and wide-ranging applications of numerical methods in various
disciplines where analytical solutions are impractical or unavailable. Finally, we introduced the
fundamental concept of error analysis, focusing on the two primary types of errors encountered
in numerical computations: round-off errors, arising from the finite representation of numbers
in computers, and truncation errors, resulting from the approximation of infinite processes with
finite ones. Understanding these types of errors is crucial for evaluating the accuracy and

reliability of numerical solutions.

Evaluation Questions
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1. Define numerical analysis in your own words. How does it differ from analytical
methods of solving mathematical problems?

2. Discuss three different fields where numerical analysis plays a significant role. For each
field, provide a brief example of a problem that is typically solved using numerical
methods.

3. Explain the source of round-off errors in numerical computations. Provide a specific
example.

4. Explain the source of truncation errors in numerical methods. Provide a specific
example.

5. Why is it important to study error analysis in numerical analysis? What are the two

main types of errors that numerical analysts are concerned with?
Suggested Answers

1. Numerical analysis is the branch of mathematics that focuses on creating, analyzing,
and implementing algorithms to find approximate numerical solutions to mathematical
problems. It differs from analytical methods, which aim to find exact solutions in the
form of mathematical formulas or expressions through symbolic manipulation.
Numerical methods use computational techniques to get numerical values as
approximations.

2.

o Engineering (e.g., Structural Analysis): Numerical methods like the Finite
Element Method are used to approximate the stresses and displacements in
complex structures under various loads, problems that often lack simple
analytical solutions due to geometry and material properties.

o Physics (e.g., Weather Forecasting): Numerical models based on partial
differential equations are used to simulate atmospheric conditions and predict
future weather patterns. These equations are too complex to solve analytically
for real-world scenarios.

o Finance (e.g., Option Pricing): Numerical techniques like the binomial tree
method or finite difference methods are employed to approximate the price of
financial options, especially when analytical formulas (like the Black-Scholes

model) have limitations or for more complex option types.
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3. Round-off errors originate from the fact that computers represent real numbers using a
finite number of bits or digits. This limitation means that many real numbers with
infinite or non-terminating decimal (or binary) representations must be approximated
when stored and used in calculations. For example, the number 7 = 3.14159265...
cannot be stored exactly in a computer's floating-point system and will be rounded to a
certain number of decimal places, introducing a round-off error.

4. Truncation errors arise when a numerical method approximates an infinite
mathematical process or a continuous function using a finite number of steps or terms.
For example, approximating the derivative of a function f'(x) using the forward
difference formula f'(x) = hf (x + h) — f(x) introduces a truncation error because
this formula is derived from the first few terms of a Taylor series expansion of f(x +
h), and the remaining infinite terms are “truncated."

5. Studying error analysis is crucial in numerical analysis because it allows us to
understand the accuracy and reliability of the approximate solutions obtained. Without
error analysis, we would not know how close our numerical result is to the true solution.
Numerical analysts are primarily concerned with two main types of errors:

o Round-off errors: caused by the finite precision of computer arithmetic.
o Truncation errors: caused by the approximation of infinite or continuous

mathematical processes with finite or discrete methods.
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